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This paper is an extension to three (and more) dimensions of a technique devel-
oped to obtain the algebraic asymptotic behaviour of a class of double Laplace-type
integrals. The method proceeds by representing treble Laplace-type integrals as iter-
ated Mellin—Barnes integrals, followed by judicious application of residue theory to
determine new asymptotic expansions. The class of ‘phase functions’ of the Laplace
integrals to which the analysis applies is restricted to ‘polynomials’ (non-integral
powers are permitted) with an isolated, though possibly highly degenerate, criti-
cal point at the origin. The determination of which residues to use in constructing
the expansions is characterized in elementary geometric terms. Numerical examples
highlighting the use of the expansions are supplied.

Keywords: asymptotic expansions; iterated Mellin—Barnes integrals;
Newton diagram; single critical point

1. Introduction

This paper is a sequel to Kaminski & Paris (1998) (henceforth referenced simply as
(I)), which described a technique for the development of asymptotic expansions of

1 Permanent address: Department of Mathematics and Computer Science, University of Lethbridge,
4401 University Drive, Lethbridge AB, Canada T1K 3M4.
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626 D. Kaminski and R. B. Paris

two-dimensional Laplace-type integrals with polynomial phase (non-integer powers
permitted). The technique, a careful sequence of residue theory evaluations of iterat-
ed Mellin—Barnes integrals, was carried out in (I) with an eye to exploiting geometric
information in the Newton diagram of the phase function. This programme is contin-
ued in this paper, but due to the richer geometric structure of the Newton diagram
for phases of higher dimension, we concentrate our efforts on so-called ‘convex’ cases.

A Dbrief survey of strategies employed in developing asymptotic expansions of
Laplace-type integrals is provided in (I) and will not be reproduced here. Defini-
tions involving the Newton diagram are also to be found in (I), as are standard
order estimates for I' functions of large argument. We do recall here the method
of representing multiple dimension Laplace-type integrals as iterated Mellin—Barnes
integrals.

Let us define for each r =1,2,...,k,

51 M _ P
pooovoo
and set
m:(mlamQ)"'amk)a n:(nlan%"'ank})) p:<plap2a"'7pk:)a
t = (t1,te,...,tg), 6= (61,02,...,0k).
As in (I), we apply the integral representation
1 ico

e F = — L(t)z7'dt, |argz| <im, z#0,
2mi

—ioco

to each factor exp(—Ac,z™ y" 2Pr) in the integrand of

00 OO OO k
I(\) = / / / exp [ - A(x” +y' + 2+ Z crxm”‘ynrz“)} dedydz, (1.1)
0 0 0

r=1
to arrive, after interchanging the order of integration, at the representation
k

—1/p—1/v—1/n 1 ico 1— .
] 271 J oo H
1—-mn- 1—p-
><F< " t) F( P t) Aot AL, (1.2)

v n

where we have set, as in (I),
Ft)=Tt)(ta) - T(ty), ct=c e --c,™ and dt =dt;dty--- dty.

The ‘dot’ appearing between two vector quantities is just the usual Euclidean dot
product. The integration contours are indented to the right away from the origin
to avoid the pole of the integrand present there, and the constants cq,...,c, are
positive (see, however, (I, §3) for a more complete account of the range of admissible
values of the ¢, ).

Observe that, as in (I), the number of independent variables t,...,t; in (1.2) is
governed by the number of terms in the sum in the integrand of (1.1), but unlike (T),
the higher dimensionality of (1.1) is reflected in the integrand of (1.2) by the presence
of an additional I' function, I'((1 — p - t)/v), corresponding to the additional spatial

Phil. Trans. R. Soc. Lond. A (1998)
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Asymptotics of Laplace integrals. I1 627

variable z. Because of this, we can expect the asymptotic expansions we develop to
contain asymptotic series with an additional I" function appearing in the summand
of each series.

The representation (1.2) can be readily extended to deal with higher-dimensional
Laplace-type integrals. Each additional dimension of such a Laplace integral mani-
fests itself in the Mellin—Barnes integral (1.2) by the appearance of another factor
such as I'((1 —m - t)/u), while the dimensionality of (1.2) is governed by the num-
ber of terms in the summation present in the phase, as presented in (1.1). The
dimensionality of the associated Newton diagram will also increase and with it, the
accompanying difficulty of geometric analysis in four or more dimensions. If only the
asymptotic behaviour of a high-dimensional Laplace-type integral is required with
no geometric interpretation, the methods employed in this paper and (I) can be used
with little modification.

In (I) we devoted some attention to the problem of developing expansions when
some internal points were not vertices of the Newton diagram. We saw there that
these non-vertex internal points did not produce asymptotic series, and manifested
their presence only by appearing in the arguments of I" functions in the summands
of asymptotic series associated with faces of the Newton diagram. Accordingly, we
shall focus our attention in this paper only on the ‘convex’ case, where every internal
point P; = (m;, n;, p;) is a vertex of the Newton diagram.

2. Asymptotics with one internal point

By setting k = 1, we can recast (1.1) and (1.2) as
I\ = / / / exp[—A(z" +y" + 27 + ™ y™ 2P)] dedydz
o Jo Jo

A—l/y—l/y—l/n 1 ico 1— t 1 —naqt 1 —pt
=2 | rer ("“)F( d )F( = )A“dt,
urn 2mi 7 v n

—ioco

(2.1)

where, for ease of presentation, the value of the constant ¢; in (1.1) has been set to
unity. The analysis of I(\) in this case closely parallels that of (I, §4), and so we
restrict our attention only to the ‘convex’ case in which the point P, = (mq,n1,p1)
lies in front of the back face of the Newton diagram.

The back face of the Newton diagram for our class of ‘phases’ is simply the plane
generated by (u,0,0), (0,2,0) and (0,0,7n) and given by

m n
7_'_*
[T

If Py lies on the same side of the back face as the origin (i.e. in front of the back
face), then P; must satisfy my/pu + ni/v + p1/n —1 < 0 or equivalently, 6 > 0.
Otherwise, the reverse inequalities hold if P; lies behind the back face (if P; lies on
the back face, then (2.2) must be satisfied in which case 6; = 0).

In the convex case, 6; > 0, and the Newton diagram comprises three triangular
faces, each formed by the vertex P; and any two of (u,0,0), (0,r,0) and (0,0,7) (see
figure 1). Together with the back face, these triangular faces generate a tetrahedron.
The planes generated by each of the faces of the Newton diagram are easy to obtain.

p
+5-1=0. 2.2
” (2.2)

Phil. Trans. R. Soc. Lond. A (1998)
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p Ul
n
v
m
P H
O

Figure 1. Newton diagram for the convex case with one internal point.

If we denote by I1(Q1, Q2,Q3) the plane through the points @1, Q2 and @3, then we
find that 11,,,, = II((1,0,0),(0,v,0), P;) has equation

m n vV — pny — mqv
7_'_7_'_# una 1 =1,
poov v

., = II((1,0,0), P, (0,0,7n)) has equation
@+M?7—m177—up1n+g:1

I finn n
and II,,,,, = II (P, (0,7,0),(0,0,7)) has equation

vn —vpr —nmn
mivn

m—+ L + b_ 1.
v.m
We shall find it convenient to determine the abscissa m* of the point of intersection
of each of these planes with the diagonal line m = n = p. For each plane II above,
let us use the subscript of the plane to identify the particular value of m* arising
from the intersection with this diagonal. Thus, the planes II,,,,,, II,,,, and II,,
meet the diagonal at (m*, m*, m*) where, in turn, each m* satisfies

vn

—1/m},, = —1/u—1/v —1/p1 +ni/vpr +my/pups,
—1/mp,y = —1/p—1/n1 — 1/n + p1/man + my/ pna, (2.3)
—1/my, = —1/m1 —1/v—1/n+pi/min+ny/mv.

These quantities will be of value when considering the order of leading terms in the
expansion of I(\).

The asymptotics of (2.1) are easily obtained. As in (I, §4), we find the dominant
behaviour of the logarithm of the modulus of the integrand, putting ¢ = pe'?, |0] <
%w, to be

61pcosBlogp+ O(p),

which, since P; is in front of the back face, tends to +00 as p — o00. Accordingly,
the asymptotics of (2.1) can be obtained by displacing the integration contour to
the right. As we do so, we find that poles in three sequences must be considered.
From poles of the factor I'((1 — mt)/u) we obtain the formal series of contributions
(omitting a leading factor of A~1/#=1/v=1/m)

k
Loy = I = 1 Z (—1) r (K> r <m1 —n1K> r <m1 —p1K> A—OLK/ma
myvn 4 k! my myv mym

(2.4)

Phil. Trans. R. Soc. Lond. A (1998)
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Asymptotics of Laplace integrals. I1 629
while those of I'((1 — nit)/v) and I'((1 — p1t)/n) similarly give rise to

o o 1 (—1)k ny — lel K/ ny —le/ —61K//n1
Ly =1I = > o F( ) (=) :

Hnan My nin
(2.5)
k
IMV;Dl = I3 = . Z (71) r <p1 y leU) r <p1 g an,/) r <[(H> )\7§1K”/}717
pvpy S~ k! Kp1 vp1 D1
(2.6)

respectively, provided none of the three sequences of poles shares a common point,
and where we have written

K=1+upk, K =1+vk, K'=1+nk, (2.7)

for notational convenience. Assembling these together, we arrive at the asymptotic
expansion
I(A) ~ A_l/#_l/y_l/n(jmwn + Lynin + I;wm)v (2'8)

as A — o00. The correspondence we observed in (I) between the number of series
constituting the compound asymptotic expansion of I(\) and the number of faces
of the Newton diagram continues to hold here, with the series I,,,,, corresponding
to the face with vertices Py, (0,7,0) and (0,0,n), the series I,,,, corresponding to
the face with vertices Py, (p,0,0) and (0,0,7), and finally I,,,,,, corresponding to the
face generated by Py, (u,0,0) and (0,v,0).

The leading terms in each of the series I, vy, Lun,y and I,,p,
asymptotic approximation

I()\) N 1 r (l) r <m1 —n1) r (ml —p1> A=Y/
mivn mq myv man
+ 1 T <n1 — m1> r <1> r (nl_p1> A~ Y ™My g
unam MUy ni ninm

+—Lr <p1 ml) r (p1 "1> r <1> AN M
Hvpy Hp1 vp1 D1

in view of (2.3). The determination of which of these three terms dominates can
be resolved by examining the geometry of the Newton diagram. If the diagonal
m = n = p punctures a face, then the diagonal must puncture the planes containing
the remaining two faces at points along the diagonal between the origin and point
of intersection of the diagonal with the Newton diagram. This provides a means of
ordering the quantities —1/my, .., —1/mj,, , and —1/m? = of (2.3). We remark
that the face punctured by the diagonal corresponds to the term in the preceding
approximation for which all I" functions have positive argument.

Additionally, in the case where the diagonal punctures a face, it is possible to
have double or treble poles in the higher-order terms. This will happen whenever the
arguments of the I" functions in (2.4)—(2.6) (i.e. expressions such as (m;—n; K)/mqv,
(ny — ;1 K')/nam, (p1 — m1K")/upr and so on) is a non-positive integer. Only by
choosing special values for u, v, 1, m1, n; and p; can this be avoided.

If the diagonal meets the Newton diagram in an edge, then two of mi, n; and
p1 must be the same, say m; = n; > p;. In this event, the I' functions appearing

gives rise to the

Phil. Trans. R. Soc. Lond. A (1998)
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630 D. Kaminski and R. B. Paris

in I,y and I,,,, will have & = 0 corresponding to a double pole, so that the
leading term in the asymptotic expansion of I(\) will contain a logarithmic factor.
Furthermore, if p/v is rational, other double poles will appear and if 4 = v, all terms
in the series will have double poles. Higher order terms may even have some treble
poles, but these will not be present in the leading behaviour.

Finally, if the diagonal meets the Newton diagram at the vertex P;, then m; =
n1 = p1 and the kK = 0 terms in each of the expansions will arise from a treble pole.
The possibility of double or treble poles in other terms in the expansion depends on
the rationality of ratios of pairs of i, ¥ and 1. The completely symmetrical case of
= v = produces poles that are all of order three and our three series (2.4)—(2.6)
collapse into a single series of evaluations of treble poles.

The relationship between symmetry and the relative frequency of higher order
poles appearing in the asymptotics is explored in some detail in §7.

3. Asymptotics with two internal points

Let us suppose that there are now two internal points in front of the back face,
P, = (my,nq,p1) and P, = (mg, ng, p2). Because they lie on the same side of the
back face (2.2), we must have §; and 6, both positive. With t5 = pel® and [0] < 17
in the integrand of (1.2) with & = 2, we find the logarithm of the modulus of the
integrand to exhibit the dominant behaviour

dapcosflogp+ O(p),

for large p. Since 63 > 0, we see that this tends to +0o as p — oo leading us to
displace the t, integration contour to the right to obtain the asymptotic behaviour
of I(\). Three sequences of poles are encountered in shifting the contour to the right:
one each for the I' functions present in the integrand, save I'(t;) and I'(t2).

The functions I'((1 —m - t)/p), I'((1 —n-t)/v) and I'((1 — p - t)/n) have their
poles occurring at points

) = (K — maty) /mo, (3.1)
th) = (K/ — nltl)/ng,
ts) = (K" — pit1) /p2, (3.2)

respectively, where K, K’/ and K" are given in (2.7). We assume that these sequences
share no points. In turn, these sequences give rise to formal asymptotic series (sup-
pressing in each case a leading factor of A\=1/#=1/v=1/m)

1 (-n*F 1 = (1)
L = — I'(ty)I'(t
! movn ; k! 27ri/ (t) (")

(1) €]
1 —nit;y — not 1 — pit1 — pat
><F< N1ty — Naly )F( D1ty — Patly )A_g.t dtl, (3.3)
v n
1 (=) 1 [ @
I, = — 't (¢t
2 ungn; k! 27ri/_ioo (B I (t7)
(2) (2)
1-— t1 — t 1 — pity — pot
¥ ( ity 7 M2ty ) r ( P11 — Pats ) AStdt,  (3.4)
Y n

Phil. Trans. R. Soc. Lond. A (1998)
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Asymptotics of Laplace integrals. I1 631
1 (=1)k 1 3)
I3 = — I'(t)It
" m W /m )
3 3
I (1 —muty = mats )> r (1 — it~ mats )> AStdl,  (3.5)
7 v

with 6 - t equal to 61t + 62tgi), i =1,2,3, respectively. If we set t; = pel?; 0| < %77,
in each of the integrands in the series I, I> and I3, then we find they have dominant
large-p behaviour

pcosflogp - (Awz/v+ Afy/n — Miz)/ma + O(p),
peosflogp - (Ayy/n — A/ — Niz)/nz + O(p), (3.6)
peostlogp- (—Al,/v— Afy/p— Pr2)/p2 + O(p),

respectively; the various subscripted items appearing in these expressions are defined
in the appendix in (A1) and (A 3). To determine which direction to shift the inte-
gration contours in (3.3), (3.4) and (3.5), we must determine the sign of each of
the parenthesized quantities following the factor pcosflog p. We shall see present-
ly that the sign of each of these parenthesized quantities in (3.6) has a geometric
1nterpretat10n

Let P1P2 denote the line generated by P, and P,. Elementary geometry reveals
that if P1 P, meets the mn-, mp— and np-planes, then it does so in points with coordi-
nates ( A/1/2/P127 - 12/P12, y LA12/N127 0, A12/N12) and (0, A12/M12, 12/M12)7
respectively. (The possibility of P; P, being parallel to a coordinate plane is discussed
later.) If the parenthesized expressions in (3.6) are set to zero and rescaled by dividing
through, respectively, by Mis, N15 and P;s then the following equations result:

A12/M12 + A/1/2/M12 —1=0,
v n

—A12/Ni2 n Alp/Nia 1=0, (3.7)
o n

— A5/ Pra " — A%/ Pra _1=0.
o 1%

The first equation is equivalent to the statement that the point of intersection of
P1 P, with the np-plane lies on the line of intersection of the back face of the Newton
diagram with the np-plane. The second and third equations, similarly, assert the
presence on the line of intersection of the back face with either of the mp- or mn-
planes of the point of intersection of P1P2 with each of these coordinate planes,
respectively.

The determination of the sign of the parenthesized quantities in (3.6) is therefore
equivalent to deciding on which side of the line of intersection of the back face with
a coordinate plane a point of intersection of PP, happens to lie. The difficulty in
determining this stems from the fact that the distribution in space of P; and P, can
lead to Mi2, Nio and Pio being of either sign. Let us therefore ﬁ;;the sign of these
quantities so as to permit further analysis: let us suppose that P; P, punctures the
mn- and np-planes in the positive octant, and that M, > 0, P < 0. This setting
is depicted in figure 2, with a view assuming the observer is behind the back face,
looking towards the origin.

Phil. Trans. R. Soc. Lond. A (1998)
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p
/]

m
1 v’

Figure 2. Newton diagram with two internal points.

Because M5 > 0, P15 < 0 and P(l_)Pg meets the mn- and np-planes in the positive
octant, we may deduce that A;p > 0 and A’y > 0. Consequently, the statement that
the point of intersection of P, P, with the np-plane lie below the line of intersection
of the back face with that coordinate plane is equivalent to the inequality

Ay /My i Ay /Mo
v n

and the equivalent statement involving the point of intersection of P?Pg and the
mn-plane results in

—-1<0,

—1<0.

_Alllz/PH + _A/12/P12
I v
Both of these inequalities follow from the assumption of a ‘convex’ configuration for
the internal points P; and Ps: one needs only to form the plane I7(O, Py, P;) and
intersect it with the Newton diagram to see this.

The second equation in (3.7) on first glance appears to be redundant, but in
fact captures additional convexity information regarding the Newton diagram. This
second equation is a statement regarding the location on the mp-plane of the point
(=A12/Ni2,0, A}, /Ni2), the point of intersection of the mp-plane with the line PP,
If N1z > 0, then this intersection point lies behind (m < 0) the np-plane and above
(p > 0) the mn-plane. If N15 < 0, then the intersection point lies below (p < 0) the
mn-plane, but in front (m > 0) of the np-plane. Where it lies relative to the back
face (2.2) is determined by the sign of the left-hand side of the second equation of
(3.7).

Consider the plane IT(O, Py, P,) generated by the origin and the internal points
Py and P,. If (—A13/N12,0, A, /N13) does not satisfy m/u + p/n —1 < 0, then
(=A12/N12,0, A}, /Ni2) lies on the back face or in the half-space determined by the
back face not containing the origin. Suppose, for the purpose of illustration, that
(=A12/Ni2)/pn+ (A5 /Ni2)/n —1 > 0. Then, in the plane II(O, P;, P,), we see that
the intersection point (—Ajs/Nis, 0, Al,/Nis) is positioned in such a way that P
cannot be a vertex of the Newton diagram.

This situation is depicted in figure 3, with the line of intersection of I1(O, P, P»)
and the mp-plane corresponding to OA the intersection of Png and the mp-plane

Phil. Trans. R. Soc. Lond. A (1998)
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O
Py
A
B
1

Figure 3. Planar section II(O, Py, P>) of the Newton diagram in the case where the intersection
point I = (—A12/Ni2,0, Aj5/Ni2) lies on the side of the back face not containing the origin.

labelled as I, the line of intersection of the back face with the plane I1(O, P, %)
appearing as AB and the line OB corresponding to the line of intersection of
II(O, Py, P;) with one of the other coordinate planes (either the mn- or np-plane).

Because the convex hull used in the construction of the Newton diagram is convex
(recall (I, §2) and the half-space defined by the back face containing the origin is
convex, their intersection must be a bounded convex solid. By intersecting this with
the plane II(O, Py, P;), a convex planar region must result. This region is AABP;,
and since we have assumed that the intersection point I lies on the side of the back
face not containing the origin, it follows that P; lies in the interior of AABP;, a
violation of the hypothesis that P; and P, be vertices of the Newton diagram.

If instead we assume that the intersection point I lies on the back face, i.e. m/u+
p/m — 1 = 0 is satisfied by I, then a planar section through P; and P, will reveal
that P; lies on the line segment AP,. In this circumstance, the hypothesis that P,
and P, both be vertices fails: P; will be a point of the Newton diagram, but not an
extreme point.

If the intersection point I lies on the same side of the back face as the origin, i.e.,
m/u—+p/n—1<0 is satisfied by I, then the geometry of the planar section of the
Newton diagram changes. The result, depicted in figure 4, reveals the planar section
of the bounded convex region formed from the convex hull, used to construct the
Newton diagram, intersected with the half-space defined by the back face containing
the origin; this polygonal region has vertices AB P, Py, in the notation of the previous
paragraphs.

We see, therefore, that regardless of the sign of N5, we must have the intersection
point I and the origin in the same half-space determined by the back face. Convexity
then permits us to assert the following inequalities:

A12/M12 I A'{g/Mu 1<,
v U
—A/Nyy  Aly/N
2/Ma | Ap/Ne g (3.8)
p U
— A%/ Pra n —AlL /Py 1<0
I v '

With these inequalities at hand, we can determine the large-p behaviour of each of
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O
I P
B
YA hal

Figure 4. Planar section I1(O, Py, P») of the Newton diagram in the case where the intersection
point [ = (—A12/Ni2,0, A’12/N12) lies on the side of the back face containing the origin.

the estimates in (3.6), and so determine in which direction the ¢; integration contours
in (3.3)—(3.5) must be shifted in order to extract the asymptotic behaviour of each
of the integrals in those formal series. Let us assume that N5 < 0, so that our
assumptions on the distribution of P; and P, in space become

My > 0, Nip < 0, Py < 0. (39)

Returning to the order estimates (3.6), we can now assert that the first estimate
tends to —oo and the second and third to 400 as p — 0o. Accordingly, the ¢; contours
in the integrals in Iy, Ir and I3 of (3.3)—(3.5) must be shifted left, right and right,
respectively, to determine their asymptotic behaviour.

In displacing the ¢; contour in (3.3) to the left, we encounter poles of the integrand
at ¢ = —I from the factor I'(;) in the integrand of (3.3) and at

t§2) = (TLQK — mQLI)/Alg < O7 (310)
%) = (paK — my L")/ AY, <0, (3.11)

from the factors I'((1 — nity — natS) /) and T'((1 — pity — pat$™)/n), respectively.
The parameter [ is a non-negative integer, and we have set

L=1+4ul, L'=1+uvl, L'=1+nl (3.12)

recall (2.7). The factor I'(£$") encounters no poles as the #; contour is shifted left.
The tll) sequence of poles gives rise to the formal asymptotic series (suppressing
the leading factor of A\~1/#=1/v=1/m)

1

I, = Imzun = mavn ;fll(kvl)u (313)
where
—1)kHt K —noK — A
fulhy= S (Kt p (et = Sl
k! ™o MoV
< T <m2 —po K — A/1I2l> A6t
mgn ’
with

mo 14

5K (A A !
6t =5t — 5ty = 22 4 <12 + =2 - M12> —.
n ma
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Asymptotics of Laplace integrals. IT 635
Similarly, we obtain from the t ) and t(3 sequences the formal asymptotic series
Iy = Z fra(k, 1), (3.14)
Ay T
Ly = A,, > fislk,D), (3.15)
12 k.l
where
(—1)k+ - K +m L’ no K — mo L/
k)= r I'f——
otk 1) = = A Ay
T <A12 + ALK — A/1/2L/> A6t (3.16)
Az
with
A Al K A A L
—6~t:<12— 12+N12)+<12+ 12—M12) , (3.17)
u n Aqp v n Ay
and
(=R (pe K — mo L —m K +my L
T A, r A
T Aly — ALK — A L” |6t
vAY, ’
with

Aty v Ay’
The primes appearing on the subscrlpts in the sums (3.14) and (3.15) indicate that
the summation index [ in each case is subject to a constraint: for I;,, this is that
) < 0, and for I3, that tg ) < 0; recall (3.10) and (3.11).
For I, in (3.4) we must displace the integration contour to the right, and in so
doing, encounter poles of the integrands at

A// Al K A A/l L//
~6-t= (;2 L +P12> — + ( = 4 o —M12> o

) = (K" + nol) /n,
) = (mmoK' 4+ nsL)/Ars > 0, (3.18)
<3> = (poK' — ny L")/ Ay > 0. (3.19)

Points in the tgl) sequence give rise to the series of contributions (with the usual
suppression of )\_1/"_1/”—1/71)

121 - unln Zle k l

where

f (kj l) o (*1)k+l[1 (K/ —|—’I’L2l> I <TL1 —lel - Algl)
21\ vy -

k! ny uny
—pi K’ + A’12l

><F(n1 o

))\754:

Phil. Trans. R. Soc. Lond. A (1998)
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with
LK’ A Al l
—6-t=—ot) — 6t (1Y) = -T2 (” _ Sy le) —
ny 1% n n1
Similarly, we obtain from the t(2) and t(3) sequences the formal asymptotic series
Iy = A > fiall k), (3.20)
k2
I3 = ———F A’ Zf23 (k,1),
12 kU
where
(_1)k+l sz/ _ n2L// _le/ + nlL//
k)= r rf—— — ———
Jash 1) = " Al Al
xT <A/12 B AIlIQKI + A12L/I) A,6.t
pAL, ’
with
A// A/ K/ A A/ L//
—6t= (2124 12+P>—|—<—12+—N>. 3.21
< p ) Al oo ) AL (321

As before, for I and I3, the prime on a summatlon index indicates a restriction.
In the cases of I3, and I3, these are ti > 0 and tl > 0, respectively; recall (3.18)
and (3.19). When computing fi2(l, k) in (3.20), it is worth noting that replacing k
by [ and vice versa in (3.16) is equivalent to replacing K by L and K’ by L'.

For I5 in (3.5) we shift the integration contour to the right as for I, and encounter
poles of the integrands at

t§1) = (K" +pal)/p1,

tgz) = (_m2K" +p2L)/A/1/2 >0, (3.22)

) = (—no K" + pal’)/ Ay > 0. (3.23)
The poles in the tgl) sequence give rise to the series of contributions (with the usual
suppression of A*l/ufl/uq/n)

I31 = ut/pl = ZfSl k l (324)
where
_1k+l K”—i—pl p_mK//_A//l
fs1(k,1) = ( k‘!)l! F< o 2 )F( ! 1,up1 12 )
T <p1 - K" — A’12l> Afa-t,
vp1
with

6 K// A// Al
&t = —61t§1) . (52t§3) (tgl)) _ 9 + ( 12 | 212

z
D1 H 1

+P12>
p
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Asymptotics of Laplace integrals. I1 637
The th) and tg?’) sequences give rise to the formal asymptotic series
1
I3o = —— Ik 3.25
32 VA,l,nglB( ) )7 ( )
Zst (1K), (3.26)
12 k.,

Where the primes on the summation indices indicate the restrictions t( )'> 0 for I39
and tl > 0 for I33; recall (3.22) and (3.23).

We can now assemble the expansions I11, I12, 113, Is1, Iso, Is3, I31, I35 and I35 into
an expansion of (1.1) with £ = 2 and ¢; = ¢ = 1. Before doing so, we observe that
some simplification is possible. Observe that the series I15 and Iy, are of the same
form. If we perform the change of summation indices k¥ — [ and | — k in (3.20),
then both series for I;5 and I3 have precisely the same form, albeit with different
restrictions anosed on their summation indices. For I5;, the restriction governing
its indices was tg ) > 0, or

(—maK' +naoL)/A1a > 0;
recall (3.18). After the change of variables k — I, | — k, K’ will become L' and L
will become K and the restriction assumes the form

(no K —moL')/ A3 > 0.
However, from (3.10), we see that the inequality governing I;5 is

(no K —moL')/A12 <0

the complement of the inequality governing our transformed I5,. Therefore, I;5 and
I, may be fused into a single series, I, 4,, say, with no restrictions placed on the
non-negative summation indices k and I:

1
I = — E .
nAi2 nA12 — f12(kvl)

In a similar fashion, we see that, apart from a minus sign attached to I»3, the series
I3 and I33 are of the same form. If we perform the change of summation indices
k — 1l and | — k on I33, then the resultlng series has the same summand, fa3(k,1),
as I»3, and the inequality restricting Iss, ;7" > 0 or

(—’I’LQK +p2L )/A/12 >0
appearing in (3.23), becomes
(p2 K" —no L")/ Ay, > 0

This is identical to the restriction governing I»3, displayed in (3.19), and so the series
I>3 and I33 annihilate each other.

Finally, the two series I;3 and I35 are similar in form. By reasoning as we have just
done, we find that these two series fuse into a single series, which we denote I, 7,
identical to I3 and I35 but with no restriction placed on the non-negative integral
summation indices k and [:

Loy, = A,, > fiak, D).

12 k,l
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638 D. Kaminski and R. B. Paris
Collecting together L,uy, Lunyny Luvp,s Ina,, and I, 4y, and restoring the factor

A\~Y/m=1/v=1/1 e arrive at the large-A expansion
IO‘) ~ A_l/u_l/y_l/numzvn + I;mm + I;wm + InAl2 + IVA/I’Z))- (3-27)

The correspondence between the series in this compound expansion and the faces of
the Newton diagram is easily seen (as indicated by the subscripts used in the series
on the right-hand side): I,,,,,, corresponds to the face with vertices P, (0,r,0) and
(0,0,m); I,y corresponds to the face with vertices (1,0,0), Pi and (0,0,71); Lup,
corresponds to the face with vertices (u,0,0), (0,7,0) and P;; I, a,, corresponds to
the face with vertices Py, P> and (0,0,7); and finally, I, Ay, corresponds to the face
with vertices P, P and (0,v,0). The reader may want to review the arrangement
of faces by referring to figure 2.

Were we to assume that Njp > 0 (recall (3.9)), then a compound asymptotic
expansion with five constituent series would again result: there would still be the
three series corresponding to the three faces of the Newton diagram each with two
vertices anchored on coordinate axes, and the series I, o, would remain, but instead
of the series I;)4,, we would find the series [, 4;,. The computation would proceed
as before but instead of shifting the ¢; integration contours in I5 to the right, we
would be displacing them to the left. The resulting asymptotic expansion would have
the form

1) ~ )\_1/”_1/”_1/"(Im2yn + Linan + Lywpy, + Ly, + I,,A/lfg).

In this setting we note that the edge counts for the vertices P; and P, would be
reversed: P; would have an edge count of three, whilst P, would have an edge count
of four.

If any one of the order estimates in (3.6) were to vanish, then a finer estimate
of the growth of the logarithm of the modulus of the integrand would have to be
performed in order to determine the direction in which an integration contour would
have to be displaced. In addition, if a face of the Newton diagram were a quadrilateral
instead of a triangle, then this process would break down. A discussion of the case
of non-triangular faces in the Newton diagram is provided in §6.

4. Asymptotics with three internal points

The final case we treat is one in which a face of the Newton diagram does not make
contact with any of the m, n or p coordinate axes. The simplest such case occurs for
three internal points, although we mention that there are configurations with three
internal points where every (triangular) face makes contact with a coordinate axis. It
is in the case of a triangular face isolated from the coordinate axes that the analogue
of ‘relative convexity’ for Newton diagrams for two-dimensional phases appears; (cf.
I, §6.1).

To fix values for this investigation, let us assume that the three internal points
are arranged as in figure 5. There are a total of seven faces to the Newton diagram,

Fy, ..., F;, with vertices given in an order consistent with an orientation selected by
the normal to each face pointing to the back face:

Fi:(1,0,0), Py, Ps, Fs : (,0,0),(0,2,0), Py,

F5 : (1,0,0), P3,(0,0,7), Fs : (0,v,0), Py, Py,

F5:(0,0,m), P35, Ps, F;:(0,1,0),(0,0,n), Ps.

Fy: Py, Py, P,

Phil. Trans. R. Soc. Lond. A (1998)
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Asymptotics of Laplace integrals. I1 639

With this ordering and orientation, writing det F; for the determinant of the array
formed by writing the vertices as rows of the array, we have

det Fy = pAi; >0, detF5 = uvp; > 0,

det Fy = unsn > 0, det Fy = vAY;,

det F3 =nAsz >0, det F; = movn > 0,
det Fy = Aqgs,

(4.1)

recall the definitions provided in (A1) and (A2). We shall impose the additional
constraints

M12 > 0, M23 < 0, N13 > 0, N23 > 0, P12 < 0, P13 < 0, P23 > 0, (42)

which parallel the role of (3.9) of the previous section.

We set k& = 3 in (1.1) and (1.2) and begin by displacing the t3 contour. With
ts = peld, 0] < %W, we find that the logarithm of the modulus of the integrand has
the asymptotic behaviour

d3pcosflogp+ O(p),

and with 63 > 0, i.e. P5 is in front of the back face, we see that this estimate tends to
oo as p — oo. Therefore, we shift the 3 contour to the right to obtain the asymptotic
behaviour of I(\). In moving the contour to the right, we encounter poles in the ¢5-
plane at

tgl) = (K — m1t1 — mgtg)/mg, tg2) = (K’ — n1t1 — nztg)/ng,
Y = (K" — pity — pata)/ps,
where k is a non-ne atlve integer, and the quantities K, K’ and K" are given in (2.7).

Poles from the t3 sequence give rise to the series of contributions (suppressing a
factor A=1/r=1/v=1/m)

1 (=% /1 [N
I = —
! mgunzk: k! <27ri/ioo>

XF(tl)F(tQ)F (K — m1t1 — m2t2> I (m3 — ’I’LgK — Algtl — Aggtz)
ms mgav

K 4 Aty — At
T <m3 Pt + Ashy = A 2) A5t Aty dty, (4.3)
msn

where the subscrll)ated A are defined in (A1) and 8-t = 611 + bat2 +(53t3 b Similarly,
poles from the t3 and t3 sequences give rise to the formal series

1 (=1)F /1 [N
I, = —
2 ,ngn; k! (2771 /_ioo>
Xf(t )F(t )F (K,—nltl—n2t2>F<Tl3—m3K/+A13t1+A23t2>
1 2

ns Hunsg
o <n3 —p3K' + Aty + Ajgty
nan

Phil. Trans. R. Soc. Lond. A (1998)
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640 D. Kaminski and R. B. Paris

Figure 5. Geometry of the Newton diagram for three internal points forming a triangular face not
touching the coordinate axes. The view is from the side of the Newton diagram not containing
the origin.

and

1 (=D)F /1 [N
I = —
’ HYps Z k! (27Ti /—ioo>

xI(t,)(ta) I (K” — Pty _p2t2> r (p3 = a7 - Mgt + Ag?’t?)
1 2
D3 KUP3

XF <p3 — ’I’LgK” — A/13t1 — Aéth
Vps3
with & - t in each of (4.4) and (4.5) given, respectively, by 61t; + dato + 63t§2) and
81ty + baty + 6515 |
For the integrals in each of the series (4.3)-(4.5), we find, putting t, = pe'?,

|0] < 3, the dominant large-p behaviour of the logarithm of the modulus of each
integrand to

) A8t dtydt,, (4.5)

1 /A Al
—pcosflogp - . (;3 + 7723 + M23> + O(p),
1 /A Al
pcosflogp - - <:3 + % - N23> + O(p), (4.6)
1 [AY, Al
pcosBlogp- — < 28 _ 2 P23> +0(p),
b3 \ K v

respectively. Convexity criteria involving the points of intersection of ﬁj with the
coordinate planes require that

(—Aa3/Mps) n (—A%5/M3)

—1<o,
v n

(A23/Nag) | (Azs/Nos) ) _ 0.
H n

(A/zlglipﬁ) n (—A'zz/st) 1<,
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Asymptotics of Laplace integrals. I1 641

as discussed in the previous section following (3.6) and prior to (3.10). In view of the
additional constraints (4.2), these can be recast as

A Al A Al Al Al
%"‘ 23—|—M23<0, f+T—N23<O 23 723

— Py3 <0.

With these estimates, we see that the order estimates in (4.6) tend to, respectively,
400, —00 and —oco as p — oo, which in turn indicates that, for an asymptotic
evaluation, the t, integration contours in I, I> and I3 be shifted, respectively, to the
right, the left and the left.

(a) Treatment of the series of integrals I
In displacing the t5 contour in I; to the right, we encounter poles at the points
t§) = (K + mgl — maty)/my,
2 = (—ngK + msL' — Aysty)/Ass > 0, (4.7)
1 = (—psK + mgL” + Alyty)/ Ally > 0, (4.8)

where [ is a non-negative integer and the K and L are given in (2.7) and (3.12). The
t(Ql) sequence gives rise to the formal series

1 (*1)k+l 1 oo K —+ mgl - m1t1
I = — r'(t)r
1 mavn ; k!l 27ri/ (t1) Mo

—ioco

<m2 —no K — Agsl + A12t1>
xI'

mol

I <m2 =Pl = Agl A/ﬁtl) AStdt, (4.9)
ma?)

where, of course, § - t = 61t1 + 6275(1) + 53t31)(t(1)) With ¢, = pe?, |0] < 37, we
find that the logarlthm of the modulus of the integrands in (4.9) have the large-p
behaviour

A | A
pcostlogp- TJFT*MH /ma+ O(p).

Since Mz > 0 (recall (4.2)) and since PP, meets the np-plane below the line
of intersection of the back face with the np-plane, we know that (Ai2/Mys)/v +
(AYy/Mi2)/m —1 < 0. Thus, this order estimate tends to —oco as p — oo and so we
must displace the t; integration contour to the left.

In shifting ¢; to the left, we encounter poles of the integrands at

tgl) =
t§2) = (TLQK + Aggl ng )/A12 < ; (410)
%) = (po K + All — myR") ) A, <0 (4.11)

where r is a non-negative integer, and the parameters R, R’ and R” are defined by
R=1+ur, R =1+4vr, R'=1+nr (4.12)
The sequence of poles t(ll) gives rise to the contribution (as usual, suppressing a
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642 D. Kaminski and R. B. Paris
leading factor of A—l/u—l/u—un)

1

Isz’V] = 1111 = m’;flll(k,l,r), (413)
where
_1 k+i+r K l o K _ A l . A
flll(kalvr> = ( ) r +m3 T I ma2 U 23 12T
k! Mo o
x I <m2 — Pk~ Ayl — All/ﬂ) Aot
man ’

with

—& -t =6t — 65157 (#1V) — 65157 ¢V, 157

5 Ay Al I (A A
— PR (BB ) — 4+ (R 22y, )
14 7] mo T] mo

mo 14
In similar fashion, we find that the t?’ sequence yields the sum
1
I = A Z Jiiz2(k, 1), (4.14)
22 o
where
(71)k+l+7‘ ngK + Aggl — ngl *’I’LlK — Algl + mlR’
k,l,r) = r
Jrakobr) = s Ar A
T <A12 + ALK + Ajosl — A’1’2R’> |6t
UZASE: ’
with
A A K A [
—t= ("2 -2 4N+ (-2 A+ A — Ay ) —
1 n Ay n Aip
(B )
14 77 A12’
and the t§3’ sequence produces the series
1
s = SAT Z fus(k, L), (4.15)
12 ki’
where
(_1)k+l+r p2K + A — ng” *le + A l-l- mlR”
Fualhibr) = 1 A7, r a7,
“r Ay — A K — Ajogl — Ao R” \-6t
vAY, ’
with
A Al K A123 l
—6-t= (;2+V12+P12> A’1’2+< » + Ay — Ay — Ajg AT,
Ay A, R’
— — My | —.
" < v T ) Ay
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Asymptotics of Laplace integrals. I1 643

The primes appearing in the summation index r in (4.14) and (4.15) indicate that
r is subject to the restrictions t§2) < 0 and tf’) < 0, respectively; recall (4.10) and
(4.11).

The téQ) sequence of poles in (4.7) gives rise to the series of contributions (sup-
pressing the leading factor of A\~1/#=1/v=1/m)

1 —1)kH i —nsK L' — Ayt
Iy = Z( ) / F(tl)F< ngL + ms 131)

nAas P, KL 27 —ico Agz
T (’I’LQK — mgL/ - A12t1>
Agz
Aoz — ALK — AL + Aqost
xI’( R ” 20+ 1231) A8t dty, (4.16)
23

where the prime attached to the summation index [ indicates the presence of the
constraint téz) > 0; recall (4.7). Upon setting t; = pe'?, |0] < %w, in the integrands
in this series, we find that the logarithm of the modulus of each integrand has the
large-p behaviour

A
pcosflogp - ( 71723 — A — A+ Az:s) / A2z + O(p). (4.17)

The sign of the factor involving the various A can be deduced from the geometry of
the Newton diagram.
Consider the plane through P,, Py and (0,0, 7). It has equation

N Na23 — Aé?’m A3 +nMay
nAaz; nAas

nt+l_1=0,
n
and the evaluation of the left-hand side of this equation at the origin is clearly
negative. Thus, the criterion
N2 — Ay Ads + nMas
m J—
N3 Nz

n+?_1<0
1

is the condition satisfied by any point that lies in the half-space defined by this plane
containing the origin.
If the Newton diagram is to be convex, then P; must not lie in this half-space,

whence we must have
Nog — Al Al M
N7V23 — Tas 23m1—723+n 23n1—|—1£—1>0;
PADY PADY n

otherwise stated, the faces of the Newton diagram must ‘bend’ away from each other
in such a fashion that the angles formed by adjacent faces meeting along a common
edge be less than 7, measured on the side of the Newton diagram not containing the
origin. The left-hand side of this last inequality can be rewritten with the aid of the
identities in the appendix to yield

1 A
(1%—Au—Aw+mQ<o
Aos n

We deduce, therefore, that the order estimate (4.17) must tend to —oo as p — oo,
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which in turn leads us to displace the #; integration contour in each integral of (4.16)
to the left. In shifting these contours to the left, we encounter poles at

R
t§2) = (—n3K + mzL’ + Ay3r)/ A3 <0, (4.18)
¥ = (oK —maL/ + Agyr)/ Ass <0, (4.19)
HY = (A K + AL — AysR")/ Ayzs < 0, (4.20)

where r is once again a non-negative integer and the K, L and R are defined in (2.7),
(3.12) and (4.12), respectively.

The t11 sequence gives rise to the asymptotic series (without the usual leading
power of \)

1
Loy = ” > fa(k, 1), (4.21)
28 gl
where
(_1)k+l+T _nBK + mSLI + A13T ngK — mgL/ -+ A12’I“
k,lr)= r r
f121( ) ,7’) k'l"f" A23 AQS
T <A23 — A,23K — AggL/ _ A1237"> )\—&t’
nAa3
with
A Al K A A I
—6-t= <23+23—N23) -— + <23+ 23 +M23>
K n A23 v n A23
A
+ ( 2 Ay — Az + Agg) -
n Ags

The sequence of poles tf) yields the series

1
Iigp = 11 k;/ fr22(k, 1, 7), (4.22)
where
(_1)k+l+T 7n3K + m3L/ + A23T an — mlL/ — Alg’l"
k. l,r)= r r
f122( ’ 77") kf'l'?"' A13 A13
XF (A13 — A/13K + Alll?)L/ + A123T> )\—E‘t
nAiz ’
with
A A K A Al L
—6-t= (134’13—]\713) —-— + <13—13+M13>
2 n Ay v n Agz
A
+ <— 25 4 Ay + Ays — A23> S
n Ay
The t§3) sequence gives rise to the series
1
I3 = “0dn k;/ friz(k, 7, 1), (4.23)
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Asymptotics of Laplace integrals. I1 645

while, finally, the t§4) sequence leads to the series

hiae = A123 k;/ Fraa(k, L), (424)
where
(—1)ktir ALK + AL — AR
k.l,r)=
fr2a(k, 1) k7! Aias
o [ ZAK + AL + AR
A123
o <A’12K — AA'{QL’ + AlzR”> A6t (4.25)
123
with
Al K Aqgz L
5 t= AL AL — A A, — Ay — ALy ) —

A R//
+ ( 23 A — Az + Azs)
n A

123
As before, the primes appearing on summation indices signal the presence of restric-
tions. In the case of I, common to (4.21), (4.22), (4.23) and (4.24), this is the inequal-
ity that results from setting ¢; = 0 in (4.7). For the restriction on r in each of (4.22),
(4.23) and (4.24), this arises from (4.18), (4.19) and (4.20), respectively.

We turn now to the t23 sequence of poles, given in (4.8). These poles give rise to
the series of contributions (suppressing, as usual, the leading power of \)

(—1)k+ 1 /ioo —psK +m3L" + A3ty
I(ty)T
fis Agg Z KN 2ri (t) Al

«T <p2K — mgL” — Alll2t1>
Ay
Ay + Ay K — Ags L — Ayt
xr( A 123 1) ATStAL, (4.26)
23

where the prime attached to the summation index [ indicates that [ is subject to the
restriction (4.8), with ¢; = 0. Setting ¢; = pe', |0] < 3w, we arrive at the large-p
estimate of the behaviour of the logarithms of the moduli of the integrands given by

A123

pcosBlogp - <— — Ay + Ay + A'2'3> /AL + O(p). (4.27)
As before, we can deduce the sign of this quantity by considering the shape of the
Newton diagram.
The plane containing the vertices (0,v,0), P; and P, has the equation
—Al, —vA —-A M
CEhp—vdn) n (CAutrMa)
vAY, v v AY,

Since P3; must lie in the half-space determined by this plane, not containing the
origin, convexity of the Newton diagram requires

(—A — VA12)m3 " ng n (—A2 + v M)

v AY, v vAY,
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The left-hand side of this inequality can be recast with the aid of the first identity
n (A7) to arrive at

1 /A
A (;23 + A, — A — Ag3> <0. (4.28)
12
This, however, is not yet sufficient to determine the sign of (4.27).
Observe that P, P, meets the np-plane at (0, Alg/Mlg, !5/Mi2). In our configura-
tion (recall (4.2)), this occurs for A5 /My > 0 and AY, /M5 > 0, and since My > 0
we must have AY, > 0. Therefore, we can reduce (4.28) to

A123

+ A, — Ay — Al <. (4.29)

It remains to determine the sign of A3; to determine the sign of (4.27).

The line P,P; meets the mn—plane at (AYs ) Pys, —Abs [ Pag,0) with ALy /Poz > 0
and —Al;/Pe; < 0. The assumption Pa3 > 0 (recall (4.2)) then implies that both
Al, and Al, are positive. With this and (4.29), we conclude that the factor

1 A123 " " " )
— — AL+ A+ A <0,
A7, ( » 12 13 23
so that (4.27) tends to 400 as p — oo, and so the ¢; integration contours appearing
in (4.26) must be shifted to the right to extract the asymptotic behaviour.

In displacing the ¢; contours to the right, we encounter contributions arising from
three sequences of poles:

t = (p3 K — mgL” — Allr) /Ay > 0, (4.30)
) = (po K — myL” + Allr) | A, > 0, (4.31)
3 = (ALK — Aps L + AUR')/ Aras > 0, (4.32)

where r is a non-negative integer, and the K, L and R are given, respectively, in
(2.7), (3. 12) and (4.12).
The tl sequence of poles yields the asymptotic series

Iz = — A” Z Jisi(k, 1), (4.33)
13 k!
where
(—1)ktttr psK —mgL"” — Afyr -1 K +mL" + Afyr
k,l = r r
Jran (b Lr) = Al Al
F A/ll3 — A/13K + AlgLH + A123T )\75""
VAT, ’
with
A// A/ K A A// L//
St= (=B LB p _Z13 13 Af
(u T ) A T\ Ty ) Ay

< Ii j// j// j )
The tg ) and t§') sequences Contribute respectively,

Iz = A” Z Jus(k, 7, 1), (4.34)

12kl’ ’

A” :
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Asymptotics of Laplace integrals. I1 647
1
L33 = v k;, froa(k,m,1). (4.35)

As we have seen before, primes associated with summation indices indicate restric-
tions on the ranges of the indices. In each of (4.33), (4.34) and (4.35), the r index
is restricted by (4.30)—(4.32), respectively. In addition, all three of these series are
subject to the [ restriction obtained from (4.8) by setting t; = 0.

(b) Treatment of the series of integrals I

For the I, series in (4.4), we displace t5 integration contours to the left, so poles
we encounter arise in the following sequences:

t(21) = 7l7

tg2) = (mgK/ - ’I’L3L - Algtl)/Agg < 0, (436)
157 = (ps K’ — naL” — Algty)/ Ay < 0; (4.37)

here, [ is a non-negative integer.
The t21 sequence gives rise to the series (suppressing, as usual, the leading
power of \)

1 (—1)k+l 1 oo K’ + ’I’Lgl — Tlltl
I = —_— renyr|{ ——mm———
2 > k1! 2771/ (t) ns

B HUnsmn k,l —ioco
T (TLLg — mgK, — A23l + Algtl)
U]
—p3 K’ — ALl 4+ A5t
x I <n3 Ps3 - 7723 + A3 1) A8t dt.
3

Putting ¢, = pel, |0] < %77, in the integrands of I5;, we find these integrands have
moduli whose logarithms have the large-p behaviour

A Al
pcosBlogp - 74—7—]\713 /n3 + O(p),

and since P P3 meets the mp-plane at (Ay3/Nis, 0, A}5/Nys), the convexity require-
ment

(A13/Ni3) | (M3/Nis) 0.
n

1
allows us to deduce that the order estimate for the integrands tends to —oo as p — o0;
recall the discussion leading up to (3.8). Accordingly, the ¢; integration contours in
I5; must be displaced to the left, encountering the following sequences of poles:

P
% = (msK' + Agsl —n3R)/ Ay <0, (4.38)
1Y = (psK' + Al —ngR")/ Ay < 05 (4.39)
here, r is a non-negative integer.
The tll) sequence of poles generates the series

- Zf211(/€7l,7’)7 (4.40)

n
pungmn ko

I;Ln;;n = Iy =
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648 D. Kaminski and R. B. Paris
where
(—1)k+l+r K/ + ’I’Lzl -+ nr ng — m3KI — A23l — A137"
k,l = I
foua(k, L) AN ns Uns
T (n3 — ps K — ALl — A’13r) ot
nsn '
with

—5-t=—63K’+<A:3+An—N23>l+<A13+A13—N13> -

n3 ng H n ng

while the th) and t§3) sequences yield

Iro = A13 Z f122 r,k, l) (4‘41)
kol
Iy3 = Z fars(k, 1, 7), (4.42)
13 ki’
where
B (_1)k+l+r pgK’+A'23l—n3R” —le/—f—A/lzl—i-anN
fas(hobor) = =T Al r Al
I <A/13 — ALK *AIA123Z - A13R") A5t
nAass
with
A A' K’ A l
St= (2 13+P> +< 128 AL+ A —A’)
( p 13 Al p 12 13 2 ) Ar
Az Al > R
(28 SNy )
( I n B AL

The primes appearing in the sums (4.41) and (4.42) indicate the presence of the
restrictions (4.38) and (4.39).

The t; sequence in (4.36) gives rise to the series (suppressing, as usual, the leading
power of \)

1 (—1>k+l 1 oo mgK/ — 7’L3L — Algtl
oy = — I'(t) I
= 77A23 Z k"l‘ 2mi / (tl) A23

kU —ioo

«T —mgK' + n2L — A12t1 I A23 — A/QIP)K/ — A123L -+ A123t1 )\76't dt
Ay nAaz b

Putting t; = pe'?, 0] < %71', in the integrands of I3, we find the logarithms of the
moduli of the integrands have large-p behaviour

Ao
pcosflogp - ( 71725 —Ap— Az + A23> /A2 + O(p).

The convexity argument employed for I;5 applied here allows us to deduce that this
order estimate tends to —oo as p — oo. Accordingly, the t; integration contours in
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Asymptotics of Laplace integrals. I1 649

I5> must be displaced to the left, encountering the following sequences of poles:

t(l) = —r,

3 = (msK' — nyL + Asyr)/ A <0, (4.43)
) = (—moK' 4+ naL + Agsr)/ A1z <0, (4.44)
Y = (ALK’ + AL — AgyR") [ Ayas < 05 (4.45)

as usual, r is a non-negative integer. These sequences yield the asymptotic series

Iso1 =
3 gl
12222* Zflmlk?“
kl/ ’
223 = A12 k;{fuz (I,r k),

Z fr2a(l k), (4.46)

Isoy = A
123 .5,

respectively. The primes appearing on the summation indices r indicate the restric-
tions resulting from (4.43)—(4.45), and the prime associated with the indices [ mark
the restriction obtained from (4.36) obtained by setting ¢; = 0.

The sequence of poles té from (4.37) yields the formal series (again suppressing
the leading power of \)

1 —1)ktl 1 i K' —nsLl/ — Aot
I; = Z = / It <p3 " = 1)

pAL, - N 27 ) o Al
«T <—P2K’ + nz/L” + Almtl) r (A/23 + Ay K’ — é%LN - 4123t1> AEtd, .
Ads 1A

Putting ¢; = pe'?, || < im, in the integrands of I5;, we find that the logarithm of
the modulus of each integrand has the the large-p behaviour

A
pcosBlogp - ( ;23 + Al — Al + A’23> /A% + O(p). (4.47)

We again employ a geometric argument to deduce the sign of the last factor.
The plane generated by (u,0,0), P; and P; has equation

m (Al + pPrs) (uN13 — Aqg)
T 7 n+ 7
H 1A 1Ay

and by virtue of the convexity of the Newton diagram, P, must lie in the half-space
determined by this plane, not containing the origin, i.e. P, must satisfy

my (A5 + phi3) (1N13 — Asz)

T ; n2 + ;

K pAs pAis
Rewriting the left-hand side of this inequality with the aid of the fifth identity of

~1=0,

p2—1>0
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650 D. Kaminski and R. B. Paris

(A7), we find this is equivalent to

1 Ay
— Al + Ay — Al) <0
A/]_?, ( L 12 13 23)
which, in view of the fact that Af; > 0 (recall (4.1)), yields
Aizs

— Ay + Al — Ay <0.

The reasoning following (4.29) showed that Aj; > 0, whence it follows that

1 (A123

Ay
With this in hand, we see that the order estimate (4.47) must tend to +oo as

p — oo, and so we must displace the integration contours in I3 to the right to

determine its asymptotic behaviour. As we shift the ¢; contours, we encounter three
sequences of poles, namely,

— Ay + A3 — Al) <0

(1) = (psK' —ngL" + Alyr)/Al5 > 0, (4.48)
t(2) = (poK' — noL" — Abgr)/ Al > 0, (4.49)
% = (ALK’ — AysL" + AbyR)/ Avas > 0. (4.50)

The tgl) and tg?’) sequences produce the formal series

1
Iy = Py Z fars(k, 7, 1),

1
Iys3 = A Z fr2a(r, K, 1), (4.51)

123

while that of t§2) yields

Ip30 = — A’ Z Jaza (K, 1,r),

12 g
where
_1k+l+r pKl—’I’LL”—AI’I“ pKI—I—’I’LL”—i-A r
f232(’“’l”'):( k!)l!r! F( 2 A2’12 . >F< 1 A; N )
I <A,12 — ALK+ /A12L” + A1237"> A6,
pA,
with
AI/ AI K/ A A L//
-6t 12 022 P ) o [ 22 22 N ) o
Ay H Al

A123 / )
+ + A, — Al + A )
( 2 e Al

As usual, the primes appearing with the summation indices indicate restrictions:
those for r arise from (4.48)—(4.50), and those for [ from (4.37) with ¢; = 0.
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Asymptotics of Laplace integrals. I1 651

(¢) Treatment of the series of integrals I3

Finally, we address the analysis of I3 given in (4.5), for which the ¢, integration
contours are to be displaced to the left. Poles of the integrand that are encountered
as we shift contours form the three sequences

5 = 1,
1) = (—nsK" + psL' — Alyti)/ Ay <0, (4.52)
5 = (ms K" — psL + Alyty)/ Aly <0, (4.53)

with [ a non-negative integer. The first of these gives rise to the series of contributions
(suppressing a leading factor of A~1/#=1/v=1/m)

1 (=1t 1 fiee K" + pol — pity
Ts1 = > k! 27r1/ pi)r

- pwps 4 _ico Ps
T <P3 —mgK" — A’2’3l — Al1/3t1>
H“ps3
—ng K"+ ALl — ALt
T <p3 malt ¥ Sost — i 1) A5t dt. (4.54)
vps3

Upon setting t; = pel?, |0] < %71', in the integrands of I3;, we find the moduli of the
integrands have logarithms with the large-p behaviour
1"

A Al
pcosflogp - (‘/jg - % - P13> /ps +O(p).

Since P;P; meets the mn-plane at (—=AY5/P3, —Al3/P13,0) and convexity of the
Newton diagram requires that

(=A%s/Prs) | (=Ms/Prs)
L v

use of the fact Pi3 < 0 (recall (4.2)) allows us to deduce that the order estimate

above tends to +00 as p — co. Thus, we shift the ¢; contours in (4.54) to the right to

obtain large-A asymptotic behaviour and encounter three sequences of poles in the
process:

—-1<0,

) = (K" + pal + psr) /p1,
) = (—ms K" — ALl + psR) /A"y > 0, (4.55)
1) = (=ns K" + Ayl +psR')/ Ay > 0, (4.56)

here, as before, r is a non-negative integer.
1 . . i o
The t(l ) sequence gives rise to the series of contributions

1
Iltl/pl 31311 = M;fgll(k,l,r), (457)
where
f (k l ) _ (_1)k+l+7“ K// —|—p21 +p37’ r p1— le/l _ A/1/2l _ A,l,gr
S BT T b -
xI (p1 —m KT = Al - A/13r> A6t
vp1 )
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6 A// A/ l A// A/
—6-t=—"K"+ <12+ 12+P12>+( 13+13+PN,>T,
b1 2 p H 4 D1
while the th) and t§3) sequences yield

I35 = A” Z f131 7" k, l)

13klr

Z fo13 Talak)

3kl7

with

313 -

The primes associated with the summation index r in each of the latter two series
arise from the constraints imposed in (4.55) and (4.56).
The t2 sequence in (4.52) leads to the series (suppressing the leading power of \)

1 MR T —n3 K" + psL' — Algt
I3y = — Z = / F(tl)F< nsi D3 13 1)
kU

T . AL,

T <n2KN — pQL/ + A’12t1>
Al
23
T <A/23 — A23K” + /AgSL, — A123t1> )\—6~t dtl.
JTZAS

With ¢; = pe'?, |§] < i, in the integrands of I3, we find the integrands have large-p
behaviour

A
pcostlogp- (‘ ;23 + Al — Ay + A,23> /Ads + O(p).

Reasoning as we did for the order estimate for I»3 (following (4.47)), we conclude that
this order estimate tends to +00 as p — oo, and so displace integration contours to
the right. Poles of the integrands that we encounter in shifting these contours appear
in three sequences,

HY = (=ng K" + ps L' + Apyr)/ Ay > 0, (4.58)
2 = (=K + pyL — Abgr)/ Ay > 0, (4.59)
1) = (=g K" + AL + Ay R) [ Ayas > 0, (4.60)

where r is a non-negative integer. In turn, each of these sequences of poles gives rise
to the formal asymptotic series

I3 = Z f213(l r, k?
13 TS
1
I3 = f232(lvk,7“)7
1A, MZ;, (461)
1
I35 = _A123 k;,f124 T, k’)

where the prime associated with each summation index [ arises from the constraint
imposed by (4.52) with ¢; = 0, and the restrictions on indices r arise from (4.58)—
(4.60).
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To complete the asymptotic analysis of I3, we turn to the tg3)

(4.53). This sequence yields the formal series

1 —1)kFH 1 i K" —psL + Aot
I33 Z ( ) / F(tl)F <m3 P3 + 13 1)

= 1 3 "
vAL, T KV 2w Al

sequence of poles

r —mo K" 4+ po L — Aty
- A7,
T Ag3 — A23Ku + A/23L — A123t1
VA//
23

) A8t dey.

With ¢, = pel?, |0] < %77, in the integrands of I5;, we find the integrands have moduli
with logarithms exhibiting the large-p behaviour

A123

pcostlogp- <— — Ay + A + Ags) /A% + O(p).

Arguing as we did for I3 (recall the discussion following (4.26)), we deduce that
this estimate tends to +00 as p — oo, so that the ¢; integration contours must be
translated to the right to develop the large-A asymptotics of each integral. Again,
three sequences of poles are encountered in the displacement of the contours,

1Y = (—maK" +pyL — Ajr) /Al > 0, (4.62)
1) = (—mo K" + poL + Allyr)/ A, > 0, (4.63)
1" = (=D K" + Ay L + A3 R')/ Arzg > 0, (4.64)

with r a non-negative integer. These sequences of poles yield the formal series

1
I331 = ———+ I,k
331 VAT, k;l/,r/ Jis(l k),
1
Jaag = ——— E I,k
332 VA, o, f113( , T, )7 (4,65)
1
I333 = ng k%/ . f124(la7”7 k)a

respectively, with the restrictions on [ arising from (4.53) with ¢; = 0 and the restric-
tion on each r determined by the restriction on the corresponding sequence of poles
in (4.62)—-(4.64).

This completes the evaluation of all contributions to the asymptotic expansion of
I(A). As we saw in (I) and in § 3 of the present work, substantial simplification of the
sum of all our formal series I;;;, is possible. Because of the already lengthy treatment
in this case, we shall only provide details for one such simplification; the rest can be
handled in similar fashion by the reader.

(d) Final form for the asymptotic expansion

Let us turn to all those series I;j; which involve a leading factor of +1/A;.3,
namely _[124, _[133, _[224, _[233, _[323 and 1333; cf. (424), (435), (446), (451), (461) and
(4.65), respectively. Each of these six series has its summation indices governed by
a pair of inequalities, restrictions that arose from requiring tg) and tg') to be either
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Table 1. Inequalities governing summation indices for series with leading factor £1/A123

)

series inequality from ¢, )

inequality from tg‘

Ti24 (—nsK +msL')/Azs > 0 (A3 K + ASs L — AxzR")/ A123 <0
33 (—pgK + m;;L”)/A% >0 (A/Q3K — AosL” + A/2/3R/)/A123 >0
Iz24 (msK' —nzL)/A23 <0 (A% K" + AbsL — AgsR")/A123 <0
I233 (p3K, — TL3L”)/A§3 <0 ( - Asz” -+ A/23R)/A123 >0
I303 (—’ngK” +p3L/)/A/23 <0 (—AggK” + ,2,3Ll =+ AégR)/AlQ:g >0
I333 (m3K" — p3L)/A,2/3 <0 (—A23Ku =+ AIQSL + AlglgRl)/A123 >0

Table 2. Inequalities governing summation indices for series with leading factor £1/A123 after
reduction to common summand

series  transformed two-term inequality transformed three-term inequality

Ii24 (—nsK +msL’)/ A2z >0 (A5 K + AL — AssR")/A123 <0
I133 (=psK +maR")/A%5 >0 (A% K + Ay L' — AgzR")/A1p3 > 0
Izo4 (—nsK +msL')/A23 <0 (A% K + Az L' — AgsR")/A123 < 0
Tass (ng' - ”BRH)/A/zs <0 ( 23K + Aj L — A23R”)/A123 >0
Is23 (psL' —nsR")/A53 <0 (A% K + AL — A23R")/A123 > 0
I333 (—psK +m3R") /A3 <0 (A% K + AYsL’ — AszR")/A12s >0

positive or not. For the six series under consideration here, these are summarized in
table 1.

To effect a comparison of the series, we perform a variety of changes of summation
indices, so that all summands have the common value fi24(k,[,7) instead of some
permutation of the order of these arguments. Thus, to the series I133, we apply r — [,
[ — 75 to Is4, apply | — k, k — I; to Iz33, apply 7 — k, k — [, | — r; to I323, apply
r — k, k — r; and to Is333, apply | — k, r — [ and k — r. After these changes, each
series Iio4, I133, ... under consideration then has the common representation

+1
k,l
A1232f124( s aT),

only now the summation indices are governed by the appropriate entry in table 2.
Observe that in table 2, our suite of transformations has left only inequalities
involving K, L’ and R”, with those involving K’, K" L, etc., having been removed.
The series are now easily compared. We see that I133 and I333 (after change of
summation indices) have complementary two-term inequalities, and identical three-
term inequalities, so that [;33 and I333 may be fused into a single series governed
only by the inequality

(ALK + A L' — AgsR") ) Aoz > 0. (4.66)

The inequalities governing I3z and I3p3 (after change of summation indices) are
identical, and since I»33 and I323 have leading factors of 1/A153 and —1/A;93, respec-
tively, we see that these two series annihilate each other. The I154 and I5p4 series
(after change of summation indices) have two-term inequalities that are complemen-
tary and identical three-term inequalities, so I124 and I3o4 may be fused into a single
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series governed only by the three-term inequality
(A K + Aj L' — Ay R") [ Arzs < 0. (4.67)

However, the inequalities governing the fused pairs of series, (4.66) and (4.67), are
complementary so that these fused series may be collected together into a single
series with no restrictions whatsoever, apart from the stipulation that the summation
indices be non-negative integers. We have, therefore,

1
Ip, s = Thoa + Iz + Iooq + Togs + T390z + I333 = Aron Z fraa(k, 1), (4.68)
123 77

with f124 given in (425)
In a similar fashion, the series with leading factors of 1/vAY, sum together to
produce a single unrestricted series, namely,

1

Loy, = Iz + Iizz + Iz = AT Z fuas(k, L) (4.69)
Ve o
The two series with leading factor of 1/nAss fuse into the single unrestricted series
1

Inny, = Ihot + loo1 = m Ig:rflm(k’v l,r). (4.70)

as do the series with leading factors of £1/uA’,:

1

Luny, = o1z + los1 + Isiz + I301 = Py Z fors(k,1,m). (4.71)
13 gir

Finally, the series with leading factors of +1/nA3 ([122, 212 and Ize) mutually
annihilate, as do the series with leading factors of +1/uA], (Ia32 and I32) and
:l:l/l/Allls (Ilgl, _[312 and .[331).

Collecting our results, we arrive at the asymptotic expansion for A — oo (upon
restoring the leading factor A\~1/#=1/v=1/m)

I()‘) ~ Ail/ﬂil/yil/n(—rmzvn + Lyngn + Lpvp, + IMA'13 + IvA’l’Q +1nas + IA123)~ (4‘72)

The individual series in this compound expansion are to be found, in order of appear-
ance, in (4.13), (4.40), (4.57), (4.71), (4.69), (4.70) and (4.68). The subscripts chosen
for the component series indicate the corresponding face of the Newton diagram:
Inyuy 18 associated with the face with vertices P, (0,,0) and (0,0,7); I,/ is asso-
ciated with the face with vertices (p,0,0), Py and Ps; Ia,,, is paired with the face
with vertices P, P, and P, and so on.

After a linear-algebraic formulation of the results of this and the previous section,
we address the problem of expansions that arise when faces of the Newton diagram
fail to be triangular.

5. Linear-algebraic formulation

We record here a compact means by which the arguments of the I' functions
and associated quantities in the expansions of previous sections may be computed.
This particular treatment applies only to the convex case where all faces of the
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656 D. Kaminski and R. B. Paris

Newton diagram are triangular, and implicitly excludes the possibility of multiple
poles and the logarithmic terms associated with the expansions that result from
multiple poles. Our treatment parallels closely the general treatment described in (I,
§6b). An important difference, however, is the fact that the faces cannot be so easily
presented in the three-dimensional case; in particular, the ordering of faces that was
exploited in (I, §6b) is no longer available to us.

To begin, let us assume we have N > 1 internal points, Py, Ps,..., Py, each of
which is a vertex and an extreme point of the Newton diagram. With NNV replacing k
n (1.2) (k will be used exclusively as a summation index in this section), we see that
there are N + 3 possible sequences of poles arising from the integrand of (1.2), one
each from the I" functions I'(1—m-t)/u), I'(1—mn-t)/v) and I'((1—p-t)/n), and
one from each of I'(t1),...,'(tn). Each sequence arises from a (sometimes trivial)
linear equation; in the order of the above listing of I" functions, these are

maty + mats + -+ + myty =1+ pk,
’I’thl +7’L2t2 + -+ ’I’LNtN = 1+I/l,
pity + pota + -+ pyiy = 1+7r,

tl = 51, (51)
t2 = —S2,
ty = —sw.
where k,l,r, s1,...,sy are non-negative integers. As displayed, this system is overde-

termined.
Every face in the Newton diagram gives rise to an asymptotic series of the form
(suppressing the leading factor of A\~/#=1/v=1/m)

(—1)k+irt

! T —IN\TO1t1——ONIN
Zklz: S PO (e e ey Aottt (5.2)

with three I' functions present in the summand. The form of the factor A depends
on the particular vertices used to form the triangular face of the Newton diagram
but is, in any event, the volume of the tetrahedral solid generated by the position
vectors of the vertices defining the face.

To determine the arguments of the I' functions in (5.2), we distinguish a number
of cases: (i) two vertices of the face on the coordinate axes; (ii) one vertex on a coor-
dinate axis; and (iii) no vertices concurrent with a coordinate axis. For convenience
of presentation, by the term omitted vertex, let us mean a vertex on a coordinate axis
which is not a vertex of the face, and by omitted value, we shall mean the number p
if (u1,0,0) is the omitted vertex, v if (0, v,0) is the omitted vertex and 7 if (0,0, n) is
the omitted vertex. The equation in (5.1) corresponding to an omitted value is, for
W, mity + -+ +mpyty =1+ pk, for v, nit; + - +nyty =1+ vl, and so on.

In the first instance, (i), the face is formed from two of (u,0,0), (0,7,0) and
(0,0,m), and one of the internal points P;, 1 < ¢ < N. If the omitted value is p,
then A in (5.2) is just m;vn; if the omitted value is v, then A = un;n, and so on.
The t-values to use in the I' functions are computed from the linear system obtained
from (5.1) by deleting the equation ¢; = —s;, and the equations corresponding to the
non-omitted values. Thus, if N = 3, the internal point that is a vertex of the face is
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Asymptotics of Laplace integrals. I1 657
P; and p is the omitted value, then the system to use in computing the ¢ values is

m1t1 + mgtg + mgtg =1 + /Lk',
121 = =1,

t3 = —sg3,

and (5.2) would have A = myrn and summation indices k, s; and s3. The I" functions
appearing in (5.2) are precisely those of the integrand of (1.2) whose poles are not
to be found in the linear system above. For this particular example, we would use
I'(ty)I'(1—n-t)/v)[((1—p-t)/n) evaluated at t; = —s1, t3 = —s3 and the computed
ty determined by our system.

For the second case, (ii), there are two omitted values, and two internal points,
say P; and P;, serving as vertices of the face. The linear system to use in computing
the t-values for the I" functions is obtained from (5.1) by deleting t; = —s;, t; = —s;
and the equations corresponding to the non-omitted value. Thus, for N = 3, internal
vertices P; and P, and (non-omitted) vertex (0, ,0), the relevant system to use is

m1t1 + m2t2 + m3t3 =1 + [1,]{7
piti + pata + psts =1+nr,
t3 = —S83.

The factor A in this case would be the volume of the tetrahedral solid generated by
the position vectors of the vertices P;, P, and (0, v,0) (with suitable orientation, this
is vAY,), the indices in the sum would be k, r and s3, and the I" functions appearing
in (5.2) would be those from the integrand of (1.2) whose poles were not used in
the above system. For our particular example, these are I'(t1) [ (t2)'((1 —m - t)/v)
evaluated at t3 = —s3 and the computed values of t; and t,.

The final possibility, (iii), arises when all vertices are internal points, and all three
of u, v and 1 are omitted values. If the internal points are P;, P; and Py, then the
appropriate linear system to use is obtained from (5.1) by deleting the equations
t; = —s;, t; = —s; and t; = —sj. The resulting system for N = 3 (with AP, P,P; as
the face) is

maty + mate + mats = 14 pk,
’I’thl + n2t2 + TL3t3 =1 + I/l,
pit1 + p2t2 + p3tz =1+

For this particular example, the factor A = A;93 (with appropriate orientation), the
summation indices in (5.2) are k, [ and 7, and the I" functions appearing in the sum
are just I'(¢;)I'(t2)I'(t3) evaluated at the computed values of ¢, t3 and ¢3.

6. Non-triangular faces

One of the over-riding assumptions imposed on the previous sections is that the
Newton diagram was formed only from triangular faces. In this section, we explore
the consequences of the removal of this restriction, detailed for the setting of the
convex case with two internal points. The analogue of this setting for two-dimensional
Laplace integrals is that of adjacent collinear faces of the (two-dimensional) Newton
diagram; cf. (I, §5b).

So let us assume that P, and P, are the internal points, and that the face join-
ing A = (p,0,0), B=(0,0,n), P, and P; is a single quadrilateral, as depicted in
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p

Py
14
WA n

Figure 6. Newton diagram for two internal points, with a single quadrilateral face.

figure 6, and that the remaining three faces are triangles. The equation of the plane
II((,0,0),(0,0,m), Py) is

m (g —mun —ppy) P

+=—-1=0,
I pnan n
and if P, is to lie on this plane, then P, must therefore satisfy
A Al
—i—i—i—ng:O, (61)
K n

as can be seen upon applying the identities (A 1).

This restriction can be arrived at differently. Observe that the solid with vertices
O, A, B, P, and P, (with quadrilateral face AP, P,B) has a volume that can be
written as either

volume(O, A, Py, P;) + volume(O, A, P, B) or
volume(O, B, Py, P;) + volume(O, B, A, P,),

where volume(Q1, @2, @3, Q4) is the volume of the tetrahedron with vertices
Q1,Q2,Q3, Q4. Upon setting these two expressions equal, we arrive at (6.1).

For our integral (1.2) with k = 2, we have §; and 65 both positive, so if we displace
the t5 contour first to the right, we duplicate precisely the initial steps taken in § 3,
encountering poles in the ¢ plane in sequences given by (3.1)—(3.2) and yielding
asymptotic series I, I and I as displayed in (3.3)—(3.5). As was the case in §3,
we can produce asymptotic series I11, I1o and I3, given in (3.13), (3.14) and (3.15),
respectively, and the asymptotic series I31, I35 and I33, as given in (3.24), (3.25) and
(3.26), respectively. Some simplification of these results from § 3 is available to us, in
view of (6.1), removing the k (or K) term from (3.17), and the corresponding term
for I33. Furthermore, as was the case in §3, the two series I13 and I35 fuse together
into a series which was denoted I, e

For Iy, however, the process changes. For the integrals in I, the logarithm of
the modulus of the integrand is 0, measured against the asymptotic scale plogp
(recall (3.6)), and the power of A in the integrand is —8 - t = —K'63/ns, i.e. A no
longer depends on the integration variable ¢; present in each of the integrals in I5.
Consequently, we may write

I — 1 Z (—1)’6)\_1(/52/@ - (6.2)
L1 k!

Phil. Trans. R. Soc. Lond. A (1998)


http://rsta.royalsocietypublishing.org/

L |
A

o
L

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

2 ¥

A Y
Iam \
P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Asymptotics of Laplace integrals. I1 659

where Jy is the Fox H-function (cf. Braaksma (1963, §1.1)) given by
L[ K'—nyt —moK' — Ayt
Jp= — F(tl)]’( ni 1>F(n2 ma 12 1)
27 No Uno
T <n2 —pK' + Aty
nan

—ioco

) dt,,  (6.3)

to arrive at the asymptotic expansion
I(N) ~ ATYE V(T 4 Dy + Iy + Tss + Loy, + 1),

where, in order, the constituent series in the expansion are given by (3.13), (3.14),
(3.24), (3.26), (3.15) (with no restrictions) and (6.2). This is, however, an unsatisfying
result, and rather more can be said.
If we apply the order estimates (I, equation (2.1)), i.e. the well-known estimates

for the logarithm of the I" function of complex argument, to an integral of the form

1 ico

o ) (a—bt)(c—dt)I(e+ ft)dt,

1 —ioco
with a, b, ¢, d, e and f real, and b, d, f positive, then for t = pe'’, p and 0 real, the
logarithm of the modulus of the integrand has the large-p behaviour

f
pcosBlogp(l —b—d+ f)+ pcosflog (l){dd> + p(@sinf + cosO)(—1+b+d— f)

—7m(b+d)p|sinf| — $logp + (a — ) logbp + (¢ — 3)logdp + (e — ) log fp.

In the case of Jy, we have a = K'/no, b = ny/ng, ¢ = (ng—moK') /ung, d = A/ pna,
e = (ng —paK')/nom and f = A}, /nam, so that with (6.1) holding, 1 —b—d+ f = 0.
The preceding order estimate then reduces to the more compact

ff

pcosflog (bbdd

For sake of argument, let us assume the fraction in the logarithm is less than unity, so
that this order estimate for || < 7 tends to —oo as p — oo. To obtain a convergent
series representation, we displace the ¢; contour in (6.3) to the left, forming the series

from residues of the integrand at

) + p(@sinf + cos ) — (b + d)p|sin | + O(log p). (6.4)

tgl) = _lv
) = (=moK' 4+ nsL)/Ars <0, (6.5)
) = (po K" — ny L")/ A, < 0. (6.6)

As before, [ is a non-negative integer and K’, L and L” are given in (2.7) and (3.12).
The series representation that we obtain for Jj, is

ung na21n

Jp =0 — —
k= Ok A120k * Allzak,
with
o i (_1)l[’ <K’ +n1l> r (nz —moK' + A12l> r <Tl2 —po K’ — Alnl) 7
il N2 piv2 12
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O';C _ Z (_'1)lF <—m2K’ + n2L> I <m1K’ - n1L> r <A12 - A/1I2K/ + A/12L> ’
7 l! Aqs Aqs nAiz
1 l K’ — L" —p K’ L A — ALK Ao L
UZ:Z(“)F(pQ A/n2 )F( P1 A:"”l )F( 12 12Al+ 12 ))
: 12 12 2D

1

where the prime on the index [ in o}, indicates the restriction from (6.5), and the
double prime on the index [ in o} indicates the restriction stemming from (6.6).
The convergence of the infinite series oy, follows from theorem 1 of Braaksma (1963,
§6.1). The asymptotic series I, may therefore be written as

1 (=1)F sk 1 (=D* sk
I, = 02 /na /)\ 62K /no
> man ; Kok VALY g Kk

+ 1 Z <_1)k0,//)\—62K'/n2.
1A, % Kt
The term in I, associated with the finite series o}, cancels with the series I;o in
view of the fact (easily verified with the aid of identities provided in the appendix)
1 A A 6
L <12+ i2 M12> Y
A12 1% 77
and the term in I, associated with the finite series o} and the series I3 fuse into

a single series with no restriction which we shall label I, in view of the similar
identity

6
+P12> ==

TLQ'

e
A \ w v
This fused series is defined by (3.26), and we may set the second term in (3.21) to
zero in view of (6.1). As a result of these simplifications, the expansion of I(A) may
be recast as

1 (—1)F /
T(\) ~ \~"V/e=1/v=1/n Lvoun+ILon +Ioa0 +1,, \~82K/n2
(M) avn T LuAl, Afy T pvpy [man Ek Ll Ok )

as A — o0.

Observe that the asymptotic scales of the series [,4;, and the series involving
o, respectively, associated with the triangular faces AAP, P, and AAP, B, are the
same, and that these triangular faces constitute the quadrilateral face of the Newton
diagram. Upon gathering together these two series, we arrive at the asymptotic
expansion

I()\) ~ \"Y/R=1/v=1/7 <Im2m7 + IVA/1/2 + I,twpl

+Zk: (_I:!)k (Z (_lll)l |:gun271(kvl) n 9#2’12(/1]2; Z)]>)\_52K//n2>’

. K2t

for A — oo, with

gunzn(kvl) =T <

K’—l—nll) r <n2 —mgK’—l— A12l> I <TL2 —pQK/ — A/12l>

n2 K2 nan
gunr (k1) =T <p2K/_n2LN> T <—le’+nlL”> T <A/12 — ALK + AlzL”)
L AN A’12 A’12 H’A/12 )
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for non-negative integers k and [. The final form above for the asymptotic expansion
of I(\) sees the term for the quadrilateral face represented as a weighted sum of the
asymptotic series associated with each of the triangular faces that form the quadri-
lateral face. With this form, we have also preserved the notion of one component
series per face of the Newton diagram.

If the fraction appearing in the logarithm in (6.4) were greater than unity, then
instead of displacing the integration contour in (6.3) to the left, as we have done here,
we would have shifted it to the right. Carrying through our formal series manipula-
tions in this new set of circumstances, we would find a similar four-series compound
expansion involving the same series for the triangular faces, but the quadrilateral
face would have associated with it a series formed from ‘triangular contributions’
arising from splitting the quadrilateral along its other diagonal.

We can expect that other types of non-triangular faces in Newton diagrams would
be associated with similar weighted sums of constituent triangular contributions, the
precise nature of the decomposition being governed by order estimates of the moduli
of integrands encountered through the application of our method.

7. Numerical examples

Example 7.1. We consider the integral with a single internal point given by
I\ = / / / exp[—A(z" + y" + 2" + 2™ y™ 2P)| dedydz, (7.1)
o Jo Jo

where we assume that & = 1 — my/u — ny/v — p1/n > 0, so that the vertex P, =
(mq,n1,p1) lies in front of the back face of the Newton diagram, and without loss
of generality we have put the constant ¢; = 1. From (1.2), this has the Mellin
representation

A Vwp—=1/v=1/n 1 ico 1— t 1 —nat 1 —pit
1= 2L [ rr () () ()
urn 27i I v n

—ioo

which provides the analytic continuation of I(\) from the half-plane Re(\) > 0 to
a sector including the Fourier case with arg\ = ﬂ:%ﬂ. Although we are primarily
concerned here with positive real A, we remark that, like the integral (7.2), the
asymptotic expansions developed for (7.1) are valid (in the Poincaré sense) for A — oo
in the sector |arg A| < $m(1+my/p+ny/v+ p1/n)/61; see (I, equation (3.7)).

When all the poles of the integrand in (7.2) are simple, the expansion of I(\)
is given by (2.8). As an example of this simple-pole structure, we show in table 3
the results of numerical computations for the particular case p = v = n = 4, with
m; = %, n, = % and p; = % The second column shows the value of I(\) determined
by numerical evaluation of the integral (7.1) or from the representation of I()\) as a
generalized hypergeometric function (cf. I, §4 b). The third column shows the asymp-
totic value of I(\) obtained by optimally truncating each constituent asymptotic
series in the expansion.

As mentioned in §2, the incidence of higher order poles depends in part on the
degree of symmetry of the Newton diagram. To illustrate this fact, let us first consider
the most symmetrical situation with y = v = n and m; = ny = p1, so that the back
face is an equilateral triangle and the vertex P; lies on the (1,1,1) line. In this case

Phil. Trans. R. Soc. Lond. A (1998)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

662 D. Kaminski and R. B. Paris

Table 3. Comparison of the asymptotic values of I(\) with one internal point

M:V:’r]:47m1:§anl:%7]91:%761:%
A I(N) asymptotic value
@ 2.0 x 101 0.02234 75076 0.02155 91346
— 4.0 x 10" 0.00876 25593 0.00876 06317
5.0 x 10 0.00639 39397 0.00639 38264
>
>" 6.0 x 10 0.00492 03593 0.00492 02589
~
2 15 8.0 x 10 0.0032297878 0.00322 97876
—
Eg ;L:V:nzél,ml:l,nl:1,p1:1,(51:i
o A I()N) asymptotic value
- )
52 1.0 x 10 0.0177529863 0.01729 72404
EQ 2.0 x 10?2 0.01013 84495 0.01005 67565
35 w 5.0 x 102 0.00480 37523 0.0048091387
aZO 1.0 x 10> 0.00271 67652 0.00271 69815
Om
=E 5.0 x 10 0.00071 15152 0.00071 15151
=y
e —y=n=3 =1 =1 =1 5 =
H=V=1= 7m1*27n1*27p1*27 1=
A I(N) asymptotic value
5.0 x 101 0.0037127773 0.00370 54488
8.0 x 10" 0.0018542982 0.00185 45509
1.0 x 10> 0.0013244252 0.00132 44556
1.5 x 10> 0.00071 09237 0.00071 09234
2.0 x 10> 0.00045 36285 0.00045 36285
u:y:n:Syml:nlzl’plzéy(slzé
A I(N) asymptotic value
@ 5.0 x 101 0.03756 74263 0.03755 80382
~ 8.0 x 10" 0.02537 48359 0.02537 46738
<
1.0 x 10 0.02099 22663 0.02099 25949
>
o =~ 1.5 x 10> 0.01479 77289 0.01479 77269
e E 2.0 x 10 0.01150 23481 0.01150 23481
= O
=w

the Mellin integral in (7.2) becomes

1—mt
I

A"3/mo1 i
="
N’ us —ioco

rr? (

where, for convenience, we have momentarily set m; = m and 6; = 6. The three
sequences of poles in the right half-plane in the general case have now collapsed into
a single sequence of treble poles situated at ¢ = (1 + pk)/m, k = 0,1,2,.... The

) Adt, §=1-3m/u,
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residues are given by the coefficient of ! in the Maclaurin expansion of

T <1 + Mk + l’) I3 <l€ . TI’ZI) A—&x—é(l-i-uk)/m
m u

A% (z + (14 pk)/m)

— 3 1 k—l)\—é(l—i—#k)/m X :
(=1 sin®(mma/p) F3(k + 14 ma/p)

that is, by

(_1)1@71 (5(/;”"“)023]1 <1 tn,uk> /\76(1+uk)/m0k(/\>7

where

Ch(\) = (6log A)? — 2610g)\{¢ <1 Tn“k> _ ?’Z‘w(l 4 k)}

(1) (158) o (52

m

+3 (M) {3*(1+ k)=’ (14 k)} + (7m/p)

and v denotes the logarithmic derivative of the I' function. When 6; > 0, the expan-
sion of I()\) in this case is therefore given by

ATV S(=D)F 1+ pk )k
I(A) ~ 2m3 Z (k)3 F( m >Ck(/\)>\ (/) =3k,
k=0

as A — o0.

Examples of this highly symmetrical case with p =4, m =1 (6; = 1) and p = 3,
m =1 (6; = 1) are also given in table 3. It will be observed that the two cases differ
mainly in the proximity of the vertex P; to the back face, as can be seen from the
corresponding values of 8; (cf. I, §5 f). This results in the expansions being associated
with different asymptotic scales, and hence different ranges of A values.

The final example we give shows the type of expansion which arises when the
(1,1,1) line intersects an edge of the Newton diagram. The situation considered
again has a symmetrical back face (4 = v = 1), but now with m; = ny; > pq, so that
the edge connecting the vertex P; with (0,0, 7n) meets the (1,1,1) line. The integral
(7.2) now possesses two sequences of poles in the right half-plane: a sequence of
double poles at t = (1 + pk)/m and a sequence of simple poles at ¢t = (1 + pk)/p,
k=0,1,2,....Provided these two sequences have no point in common, the expansion
of I(\) when 6; > 0 is then given by

=3/ X (_1\k _ _
1) ~ A s ( kll) r (1 + Mk> 2 <p1 my mluk> \—81(1+uk) /o
HP1 i : b1 Hp1

+,\*3/# Z L . (1 - uk> r (ml —p1k> A—B1(1Hpk) /ma

pms 0 (k)2 m Hmy

x {6llog)\—1/1 (1;“]“) +%w <m1 —n p”‘k) + Qle(l—i—k)}, (7.3)

1 Hmq

as A — 00. An example of the expansion (7.3) is shown in table 3 where y = v =n=5
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Table 4. Comparison of the asymptotic values of 1(\) with two internal points

n=3, v=4n=>5
(m1,n1,p1) = (1.20,0.20,0.25)
(ma,n2, p2) = (0.30,0.80, 1.00)
61 = 6 = %
A I(\) asymptotic value

5.0x10*  5.7415%x1073 5.9135%x1073
1.0x10% 2.3182x1073 2.3170x1073
5.0x10% 2.5801x10~* 2.5828x10~*
1.0x10%  9.7595x107° 9.7652x107°
1.0x10* 3.5915%x107° 3.5997x107°

with m; = ny =1 and p; = % (so that 6 = %) This separation of the poles will
certainly exist for integer values of m; and p;, but not necessarily for non-integer
values. In this case the expansion (7.3) would be modified by the formation of a
sequence of treble poles which will generate additional terms involving (logA)? in
the expansion.

As the symmetry of the Newton diagram is reduced the higher order poles become
progressively more sparsely distributed. Even when the (1,1, 1) line punctures a face
of the Newton diagram (cf. the first example in table 3 where all poles are simple),
it is still possible to select values of the parameters which generate either double or
treble poles, although the leading term of each expansion in these cases is always

algebraic in A.

Example 7.2. To illustrate a three-dimensional integral with two internal
points, we consider

I(A\) = / / / exp[—A(z! + y¥ + 2" + ™y 2Pt + 22 y"22P2) | dedydz,
o Jo Jo

where the parameter values will be assumed to correspond to a convex Newton
diagram, with both internal points being counted as vertices, and the constants c;
have been chosen equal to unity. From (1.2), the Mellin representation is given by

I(A) = )\—1/M—1/V—1/n< : /ioo >2F(t1)F(t2)p <1 — Mty — mztg)

2mi

urn —ioco H
v n

where 6; = 1 —m;/p —n;/v —p;/n (i = 1,2). This integral converges in the sector
(see I, equation (3.7))

|arg A| < }g%{%ﬂ(l +mg/p 4 ni/v 4 pi/n)/6i},
and so the asymptotic expansions developed in §3 will hold (in the Poincaré sense)
in this sector and, in particular, in the Fourier case arg A = i%w.

When all the poles of the integrand in (7.4) are simple, the expansion of I(\)
is given by (3.27) and consists of five asymptotic series, one for each face of the
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associated Newton diagram. Such a situation is given by p = 3,v =4 and n =5
with P, = (1.20,0.20,0.25) and P, = (0.30,0.80,1.00), for which it is easily verified
that the convexity conditions in (3.8) and (3.9) are satisfied. The results of numerical
computations for this case are presented in table 4.

8. Closing remarks

The summary of (I) applies to this paper, and so the remarks there will not be
repeated here. We do add, however, that the interplay between the geometry of the
Newton diagram of the phase of I(A) and the form of the compound expansions
obtained in the present work is more involved than in (T), due in part to the richer
structure of the diagram in three dimensions. This was especially apparent in the
analysis of the case of three internal points (in §4) where one face of the Newton
diagram did not touch any coordinate axis.

The additional complexity of three-dimensional Newton diagrams can also be seen
in the fact that there was no simple ansatz for dealing with non-triangular faces, in
contrast to the method described in §5. This analogue of the situation of collinear
adjacent faces of the Newton diagram for double Laplace-type integrals (cf. (I, §5b))
requires the triangular decomposition of the non-triangular face and no simple geo-
metric rule appeared to govern how the decomposition was to be undertaken. At
present it appears the form of the analysis employed in §6, with its attendent diffi-
culties, is all that is available to treat this circumstance.

Of course, if retention of geometric information supplied by the Newton diagram
is of no concern to the investigator, the method of representation as iterated Mellin—
Barnes integrals can still be routinely applied to extract the algebraic asymptotic
behaviour of I(\), even in higher-dimensional cases.

D.K. thanks the Division of Mathematical Sciences at the University of Abertay Dundee for its

hospitality during the course of these investigations, and to the University of Lethbridge, its
Faculty Association and NSERC Canada for financial support.

Appendix

We record here identities that proved useful in the course of some computations
in the body of the paper.
For i = 1,2, 3, define
Ajg =ming —nimg, Az =nymg —ming, Agz = namz — mans,
A/lg = n1p2 — N2p1, A/13 = n1ps — N3p1, 4'23 = N2pP3 — N3P2, (A 1)

" "o __ [/
A12 = MmMips — MaP1, A13 = mip3 — Mmap1, A23 = Mmgpa — MapP3,

m; N1 P

Az = mo Nga P2 |, (A 2)
m3 N3 pP3
and for 7,5 = 1,2, 3, define
Mij:mi—mj, Ni':ni—nj, Pij :pi_pj- (A3)

Then the following relationships hold.
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Linear combinations of A;;.

mi Az —maAyz3 —msAip =0,
ni1 Aoz —noAiz —ngdip =0,
p1los — P2z — p3Aia = Aqos.

Linear combinations of A;.

mlA’23 — mgA’13 + mgA’12 = Algg,
’I’LlAlzg — ’I’LQA/13 + ’I’L3A/12 = O,
p1ds; — paAly + p3 Ay, = 0.

Linear combinations of Aj;.
" " "
my Aby + mo A5 —mg Ay =0,
1" 1 "
n1 A + ng Afy — nz Afy = Ajas,
1 1 "
1453 + paAfy — p3 Ay =0
Mized linear combinations.
/ 1
mg ALy —nz Ay +p3Aia = Ajas,
/ 1 —_
mzAys +nzly; — p3das =0,
! " —_
m3A13 - n3A13 —p3di3 =0,
! " —_
ma Ay —naAfy +padis =0
/ " I
Mo Az — np Ay — padiz = —Aqos.

Linear combinations of 6; and m;.

Mmaby — myby = Ay /v + Ay — M,
mgdy — mybs = —As/v + Ay /n — M,
m3§2 — m2§3 = —A23/1/ - AIQ/3/77 — M23.

Linear combinations of 6; and n;.

N2y —niby = —Asa/p+ Aly/n — Nia,
ngdy —nids = Avz/p+ Als/n — Nis,
ngdy — Nabs = Agg/pn 4 Al /n — Nos.

Linear combinations of 6; and p;.

D201 — P162 = —A/fz/,u - A/m/” — Py,
D361 — p103 = —Aly/pp— Al /v — P,
P3by — p2b3 = Ay [ — Ajs /v — Pog.

Products of Ai;, A}, and AY}.

A3 Ag3 + ALy Ay = mgAias,
AI23A11/3 + AIQ/SA,B = p3Aia3,
An3 ATy + Al Ajs = pa Ay,
A3 Ay — Az Ay = —nzAias,
A1g Ay + Agz Ay = nyAsas,
AlgAIQ/3 — A23A/1/2 - _m2A123'
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Products of 6; and Ajy.

— 9361 + A136 + A1263 = — Aoz /0 + A1z + A1z — Ags,
h301 + A3y — Alpbs = Args/p — Ay + Aly — Ay, (A12)
_AI2/351 - A11/352 + A/1/263 = AlQB/V + A/1/2 - /1/3 - 12/3-

References

Braaksma, B. L. J. 1963 Asymptotic expansions and analytic continuations for a class of Barnes
integrals. Compositio Math. 15, 239-341.

Kaminski, D. & Paris, R. B. 1998 Asymptotics of a class of multidimensional Laplace-type
integrals. I. Double integrals. Phil. Trans. R. Soc. Lond. A 356, 583-623. (Preceding paper.)

Phil. Trans. R. Soc. Lond. A (1998)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

S3ON3IDS
ONIYI3INIONT B
TVIISAHd
“IVDILVWIHLY W

V-

ALIIDOS g\ n115vsnvaL

VAOY dH L 1vDIHdOSO1IHd

S3IDN3IDS
DNIYI3INIONT B
TVIISAHd
“IVIOILVWIHLY W

V-

ALITDOS ¢\ o115vsnvaL

VAOY dH L 1vDIHJOSO1IHd


http://rsta.royalsocietypublishing.org/

